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The space-time of a bilayer system can be perceived as an extension of one layer with an extra
dimension having two points. The geometric description, where the discrete dimensions are treated
on an equal footing with the usual continuous ones, can effectively reintroduce the omitted interlayer
interactions. In this paper we consider the theory of fermions interacting with photon’s Kaluza-
Klein partners emerging as a consequence of a discrete dimension. We find that the photon has a
vector and a scalar Kaluza-Klein partners (X- and H-photons), which acquire masses via an abelian
Higgs mechanism. Additionally, the fermions on two layers mix with each other to form new mass
eigenstates with different masses. As an example, we have constructed a particle model based on
a 3+1-d bilayer system, which can explain the anomalies in nuclear physics. We also indicate that
these features must be also present in the 2+1-d bilayer systems.
PACS numbers: 04.50.-h,04.50.Kd,11.10.Kk,11.10.Nx, 12.10.Kt,12.10.-g
I. INTRODUCTION
Bilayer systems are common in both particle and con-
densed matter physics. From the traditional geometric
point of view the space-time in those systems can be per-
ceived as a direct product of a space-time manifold and
a set of two discrete points. Based on a more advanced
geometric concept, one can consider this discrete set as
a new dimension on an equal footing and in parallelism
with the traditional continuous ones. The idea of using
a discrete extra dimension (DED) to describe the bilayer
Quantum Hall systems has been proposed long time ago
[1]. In this formulation, the Chern-Simon term governing
the dynamics of these systems is naturally extended to
include a complex scalar field representing the tunneling
of electrons between the two layers.
From the physical point of view, the real 2+1-
dimensional systems are not perfect ones. The 3+1-
dimensional effects must be included gradually and man-
ually to explain the observations. In bilayer systems
these effects are more important. By introducing an ex-
tra dimension one takes the interlayer interaction into
account. Thus this geometric formulation provides an
elegant framework to derive the more complete physical
dynamics of a given bilayer system.
Similarly, in particle physics, Connes and Lott [2] have
proposed that the space-time has a two-sheeted struc-
ture, where the chiral quark-leptons exist on separated
copies of the 3+1-dimensional space-time. In this model,
the Higgs field arises naturally as a Kaluza-Klein partner
of the gauge fields. The left-handed chiral quark-leptons
are also Kaluza-Klein partners of the right-handed ones.
The Randall-Sundrum model [3, 4] has postulated two
specific warped membranes, where the elementary parti-
cle are localized, giving an elegant solution to the nat-
uralness problem. The world in this model can also be
considered as another type of bilayer system embedded
in a five dimensional space-time.
The traditional notions of the Riemannian geometry of
space-time can also be extended to build the discretized
Kaluza-Klein theory (DKKT) [5–7] where the extra di-
mension is just a discrete set of points. In this theory
the notion of discrete dimension has been introduced in-
tuitively without resorting to the sophisticated abstract
mathematical concepts. Actually, in its depth the geome-
try of the manifold extended by discrete extra dimensions
is based on the mathematically rigorous notion of non-
commutative geometry (NCG) a` la Connes [8], which is
a natural generalization of the ordinary geometry where
the commutative algebra of functions C∞(M) is replaced
by a more general algebra. More recently DED has also
been used by other authors in different contexts [9–12].
In this paper, we aim to find the interactions between
Kaluza-Klein partners of photon and fermion, which arise
as consequences of the discrete extra dimension in a bi-
layer system. In order to do so, we will follow the ge-
ometric approach to generalize the following simple La-
grangian of a fermion ψ(x) interacting with the electro-
magnetic vector field Aµ(x)
L = ψ¯(x)(i( /∇+m0)ψ(x)− 1
2
FµνFµν , (1)
where
/∇ = γµ(∂µ+ igAµ(x)), Fµν = ∂µAν(x)−∂νAµ(x). (2)
Due to the presence of the discrete dimension the
fermions defined on two layers must mix with each other
to form a pair of mass eigenstates, which are Kaluza-
Klein siblings. The photon has two types of Kaluza-Klein
partners. The scalar one (H-photon) has a quartic poten-
tial due to the mathematical structure, which might have
a physical foundation to be found. The vector one (X-
photon) acquires a mass due to an Abelian Higgs mech-
anism triggered by the H-photon’s vacuum expectation
value. Both new fields represent the interlayer interac-
tions.
In the 3+1-dimensional bilayer systems, this phenom-
ena can lead to dark photon and scalar fields, which can
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2explain some anomalies in nuclear physics. In the 2+1-
dimensional bilayer systems, introduction of the extra di-
mension allows us to include the spin up and down states
in a Dirac bispinor, while in a perfect 2+1-dimensional
spinor includes only one spin state with positive energy.
The geometric model of the bilayer systems presented
in this paper serves a threefold purpose. The first one is
to show that the discrete extra dimension is an universal
concept for various energy ranges, which can be used as a
guiding principle to construct the unified theories. Sec-
ondly, the interlude between different disciplines might
nurture new ideas as it often does. The third one is to
verify the abstract idea of extra dimension in condensed
matter physics, where the experimental evidence might
not have to rely on the future equipments.
In this model we have also introduced a non-
orthonormal metric, which is a particular case of the
Brans-Dicke scalar being frozen to a constant metric fac-
tor. This parameter will be varied with the models to
achieve agreements with the experimental observations.
In the particle model based on a 3+1-d bilayer system
considered in this paper, the metric parameter turns out
to be not trivial to be consistent with the experimental
facts.
The article is organized as follows: In Sect 2., we briefly
overview the idea of using extra dimensions in physics
and give a general formalism for the generalized spinor.
The discrete extra dimension results in a non-diagonal
mass matrix, which must be diagonalized by a mixing an-
gle to have the mass eigenstates. The non-orthonormal
metric has been introduced as a special case of the dis-
cretized Kaluza-Klein theory(DKKT) [5–7, 13], when the
Brans-Dicke field is frozen to a constant. In Sect 3, we
extend the usual photon field with its vector and scalar
Kaluza-Klein partners in a generalized differential form
formalism. The vector Kaluza-Klein partner of photon
will acquire a mass due to an Abelian Higgs mechanism.
We also construct the generalized photon-fermion La-
grangian with couplings depending only on the electro-
magnetic one g and the mixing angle θ. In Sect 4, we
apply the framework to derive a particle model of dark
photon, nucleon, electron and neutrino, which might ex-
plain some anomalies of nuclear physics. The existence
of the Kaluza-Klein partners of photon and electron in
2+1-dimensional bilayer system is also indicated. In Sect
5, we summarize the results and discuss the physical im-
plications.
II. BASIC NOTIONS AND GENERALIZED
SPINORS
A. A brief overview of the discrete extra dimension
Traditionally, the extra dimension proposed by Kaluza
[14] and Klein [15, 16] is a continuous circle with the ra-
dius in the range of 10−33 cm to unify gravity and elec-
tromagnetism. The Brans-Dicke scalar also emerges as
the variable metric along the extra direction. Today the
search for extra dimensions has become one of the main
objectives of modern physics as it is a de facto standard
in unified theories.
Due to the presence of a compactified extra dimen-
sion, all the observed fields and particles must be ac-
companied with infinite towers of massive Kaluza-Klein
partners. These modes are just the Fourier coefficients in
harmonic expansions along the compact dimension. The
small radius in the range of 10−33 cm implies the small-
est mass must be in the Planck range. However, such
a theory is not natural because it contains parameters
of the magnitude orders too far from each other. There
are many attempts to bring the Planck mass down to
a smaller value. For example, the Large Extra Dimen-
sion (LED) proposed by Arkani-Hamed et al [9, 17] and
the Universal Extra Dimension (UED) proposed by Ap-
pelquist et al [18] have brought the Planck mass to the
TeV energy range. If these extra dimensions really exist,
the Kaluza-Klein partners will be observed in the next
generation accelerators.
Although the idea of compactified continuous extra di-
mensions are popular today in unified theories, it suffers
a serious obstacle. The infinite tower of massive modes
obtained by the dimensional reduction procedure is not
simple to handle from both theoretical and observational
points of view. The renormalizability of a full theory
of the photon’s Kaluza-Klein partners with Stuckelberg
masses is also problematic. So, a discrete extra dimen-
sion might be more practical and also can be considered
as a discretized approximation to the continuous one in
a lower energy regime.
In particular, the discrete extra dimension has been
originally proposed to generalize the traditional Ein-
stein’s theory [5] in order to overcome the no-go result
[19]. In this framework, the zero modes of the origi-
nal Kaluza-Klein theory have been obtained. Later on,
the Discretized Kaluza-Klein theory (DKKT) has been
developed to contain pairs of gravity, vector and scalar
fields [6, 7, 20, 21]. In each such pair, one field is mass-
less and its Kaluza-Klein partner is massive. Recently,
DKKT has been generalized further to include the non-
abelian gauge fields [22] and applied to construct the
QCD and electroweak theory of quark-lepton from the
generalized gravity [13]. It has also been suggested that
with two DED’s, one can construct an extended Standard
Model where all the known interactions and Higgs fields
are components of gravity. The Kaluza-Klein partners of
quark-leptons are new matters, which can be candidates
for the dark ones [23].
B. Generalized Dirac operator
In this subsection, we generalize the usual Dirac oper-
ator /∂ = γµ∂µ with the discrete extra dimension.
31. Generalized spinors and functions
Let us consider a bilayer system having two layers as
d-dimensional manifoldsM. The space-time now can be
treated as M× Z2, where Z2 is a new dimension having
two points. A spinor will be defined in both layers as
ψi(x), i = 1, 2, where x denotes the coordinates of the
manifold M.
It is convenient to describe the pair of spinors ψi(x) of
a bilayer system by the generalized spinor Ψ(x) as follows
Ψ(x) =
[
ψ1(x)
ψ2(x)
]
, Ψ¯(x) = (ψ¯1(x), ψ¯2(x)). (3)
The geometric objects representing the physical fields
will be generalized as 2 × 2 matrix function operators
acting on the extended spinors in Eq.(3).
Firstly, the algebra of functions C∞(M) now is ex-
tended to C∞(M) × Z2 ∼ C∞(M) ⊕ C∞(M). So, the
generalized function operators are represented by the di-
agonal 2× 2 matrix
F (x) =
[
f1(x) 0
0 f2(x)
]
= f+12 + f−σ3,
f±(x) =
1
2
(f1(x)± f2(x)) (4)
where 12 is the unit and σa, a = 1, 2, 3 are Pauli 2 × 2
matrices. The matrices 12 and σ3 form a Z2 algebra.
The generalized Dirac operator for a d-dimensional bi-
layer system is defined formally as follows
/D = ΓMDM , M = µ, d, µ = 0, 1, ..., d− 1. (5)
So we have to define the generalized Dirac matrices
ΓM and the derivatives DM . The generalized derivatives
will be defined so that the generalized Dirac Lagrangian
for the free fermion will make sense
Lf = TrΨ¯(x)(i /D +M0)Ψ(x). (6)
The mass matrix is diagonal
M0 =
[
m1 0
0 m2
]
, (7)
where m1,m2 are masses of fermions on two layers.
In this paper we will use the ”standard” representation
of the Dirac matrices in any d-dimensional space-time
given in Appendix A, where the Dirac matrix γ0 and the
spin operator S3 are diagonal for an interpretation of spin
and mass states as components of a given spinor.
Based on the standard representation, we can con-
struct the generalized Dirac matrices in Appendix B.
Here we will give the details for the cases of our special
interest.
2. The normal 3+1-dimensional bilayer system
This is the case when two normal 3+1-dimensional
Dirac spinors are defined on two layers. The generalized
Dirac matrices are given as follows
Γ0 = i12 ⊗ σ3 ⊗ σ3, Γi = σ1 ⊗ σi ⊗ σ3,
Γ4 = 14 ⊗ σ1, i = 1, 2, 3 (8)
The generalized boost Dirac matrices are
Σ0i = iσi ⊗ σ2 ⊗ 12, Γ04 = i12 ⊗ σ3 ⊗ σ2. (9)
The generalized SO(4) rotation Dirac matrices are
Σij = ijkσk ⊗ 12 ⊗ 12, Σi4 = σi ⊗ σ3 ⊗ σ2 (10)
The spin matrix S3 is diagonal
S3 =
1
2
Σ12 = σ3 ⊗ 12 ⊗ 12. (11)
The generalized Dirac operator is given as
/D =
[
/∂ m
−m /∂
]
(12)
with the formal generalized derivatives
Dµ =
[
∂µ 0
0 −∂µ
]
, D4 =
[
m 0
0 −m
]
. (13)
The Lagrangian in Eq.(6) becomes
Lf =
∑
i
ψ¯i(x)/∂ψi(x) +M
ijψ¯i(x)ψj(x), (14)
where the mass matrix M is hermitian
M ij =
[
m1 im
−im m2
]
. (15)
Therefore, the mass eigenstates will be mixed combi-
nations of ψi(x). Since we shall see that the generalized
photon field will also contribute to the mass, we will dis-
cuss the mass eigenstates in more details later in this
paper.
3. The chiral 3+1-dimensional bilayer system
This is an alternative extension of the 3+1-dimensional
space-time, when the chiral spinors ψL,R(x) =
1±γ5
2 ψ(x)
are arranged to be on two layers as proposed by Connes
and Lott [2].
The generalized Dirac matrices are given as follows
Γ0 = i12 ⊗ σ3 ⊗ 12, Γi = σi ⊗ σ1 ⊗ 12,
Γ4 = γ5 ⊗ σ2 = 12 ⊗ σ2 ⊗ σ2. (16)
4The generalized boost Dirac matrices are
Σ0i = iσi ⊗ σ2 ⊗ 12, Γ04 = −i12 ⊗ σ1 ⊗ σ2. (17)
The space rotation Dirac matrices and the spin opera-
tor S3 are the same as in Eqs.(10) and (11).
In the chiral 3+1-dimensional bilayer systems the gen-
eralized Dirac operator is given as
/D =
[
/∂ imγ5
−mγ5 /∂
]
(18)
with the formal generalized derivatives
Dµ =
[
∂µ 0
0 ∂µ
]
, D4 =
[
m 0
0 −m
]
. (19)
If the chiral fermions are arranged to exist on separate
layers as proposed in Connes-Lott’s model [2]
ψ1(x) = ψL(x) =
1− γ5
2
ψ(x),
ψ2(x) = ψR(x) =
1 + γ5
2
ψ(x) (20)
In Ref.[13] we have shown that the Lagrangian in
Eq.(6) with M0 = 0 will lead to
Lf =
∑
L,R
ψ¯i(x)/∂ψi(x) +m(ψ¯L(x)ψR(x) + ψ¯L(x)ψR(x)),
(21)
which describes a fermion with the mass m. There is no
mixing in this case.
4. The 2 + 1-dimensional bilayer system
By introducing a discrete extra dimension, the spinor
doubles its size to becomes a bispinor on both layers as
generally in any odd dimensional space-time. Therefore,
the generalized Dirac matrices have the same dimension
as in the 3+1-dimensional bilayer systems
Γˆ0 = i12 ⊗ σ3 ⊗ σ3, Γˆ1 = σ1 ⊗ σ1 ⊗ σ3,
Γˆ2 = σ2 ⊗ σ1 ⊗ σ3, Γˆ3 = 14 ⊗ σ1 (22)
The space rotation Dirac matrices are
Σˆ12 = σ3 ⊗ 12 ⊗ 12, Σˆ23 = σ2 ⊗ σ1 ⊗ σ2,
Σˆ13 = σ1 ⊗ σ1 ⊗ σ2. (23)
The boost Dirac matrices are
Σˆ01 = iσ1 ⊗ σ2 ⊗ 12, Σˆ02 = iσ2 ⊗ σ2 ⊗ 12,
Σˆ13 = i12 ⊗ σ3 ⊗ σ2. (24)
The spin operator S3 now is also diagonal and the
Dirac bispinor include both the spin up and down states.
The 2 + 1-dimensional bilayer system in this description
can fix the problem of the ordinary 2 + 1-dimensional
one, where the SO(2, 1) spinor contains only one spin
state with positive energy as shown in Appendix A.
In the 2+1-dimensional bilayer system the generalized
Dirac operator is given as
/ˆD = ΓˆMDM =
[
/ˆ∂ m
−m /ˆ∂
]
(25)
The Lagrangian has the following form
Lf =
∑
i
ψ¯i(x) /ˆ∂ψi(x) +M
ijψ¯i(x)ψi(x), (26)
where the mass matrix M ij which similar to the one in
Eq.(14). The difference is that in this case the coordinate
x = (x0, x1, x2) is 2+1-dimensional. Additionally, the ki-
netic term contain only 2+1-dimensional derivatives and
Dirac matrices Γˆµ, µ = 0, 1, 2.
Since the unitary transformation that diagonalizes the
mass matrix M in Eq.(26) does not change the Dirac
matrices, in the reference frame, where the particle is at
rest p1 = p2 = 0 we have the free Dirac equations
iΓˆ0
∂
∂t
ψ′i(x) = m
′
iψ
′
i(x). (27)
where m′i is the mass of the mass eigenstate ψ′i(x). Since
Γˆ0 = i12 ⊗ σ3 ⊗ σ3, the bispinors defined on two layers
will be assigned with mass and spin as follows
ψ′1(x) =

χ+↑ (x)
χ+↓ (x)
χ−↑ (x)
χ−↓ (x)
 , ψ′2(x) =

φ−↑ (x)
φ−↓ (x)
φ+↑ (x)
φ+↓ (x)
 , (28)
where the up indexes + and − denote respectively the
positive and negative mass states. The down indexes ↑
and ↓ denote respectively the spin up and down ones.
The good feature of this description is that although
the theory is 2+1-dimensional, with the explicit SO(2, 1)
covariance, the positive energy spin up and down states
appear as components of the same bispinor. The origin of
this feature lies in that fact that in the 2+1-dimensional
bilayer systems the fermions must be described by 3+1-
dimensional bispinor, although the wave functions do not
depend on the coordinate x3.
In the rest of this paper we will focus only on the
fermion mixing in the normal 3+1-dimensional and 2+1-
dimensional bilayer systems.
C. Non-orthonormal metric and modified
generalized Dirac operator
In this paper we will introduce a non-orthonormal met-
ric with a parameter λ. In a 3+1-d bilayer particle model
constructed in Sect 4, this parameter turns out to be use-
ful and flexible to satisfy the observational requirements.
5This non trivial metric has been used to give a good pre-
diction for the Higgs mass in the generalized gauge model
in 3+1-dimensional space-time extended by a discrete ex-
tra dimension [24]. The motivation of this metric is just
a special case of DKKT.
1. Non-orthonormal metric
In the curved space-time, we can keep the same anti-
commutator relation with a general Riemannian metric
gµν(x). So the locally defined curved γµ(x) are related
to the orthonormal ones γa by the local vielbein trans-
formation eµa(x)
γµ = γaeµa(x), {γa, γb} = 2ηab = 2diag(−1, 1, ..., 1),
(29)
where 0˙, 1˙, ..., d˙− 1
The flat generalized Dirac matrices are
Γa =
[
γa 0
0 −γa
]
, Γd˙ =
[
0 12[d/2]
12[d/2] 0
]
, (30)
which are also related to the curved ones by the gen-
eralized vielbein matrix ΓA = ΓMEAM (x) and Γ
M =
ΓAEMA (x). We have the following trace relations
1
4
Tr(ΓMΓN ) = GMN ,
1
4
Tr(ΓAΓB) = GAB = diag(−1, 1, ..., 1, 1), (31)
where M = µ, d and A = a, d˙. The trace is taken over
the Dirac spinor indexes.
The generalized vielbein EMA (x) is given in [6, 7, 13, 20]
as follows
Eaµ(x) =
[
eaµ1(x) 0
0 eaµ2(x)
]
, Ea5 = 0, E
5˙
5 = φ(x),
E5˙µ(x) = Aµ(x)φ =
[
aµ1(x) 0
0 aµ2(x)
]
φ, (32)
and their inverses
Eµa (x) =
[
eµa1(x) 0
0 eµa1(x)
]
, Eµ
5˙
(x) = 0,
E5a(x) = −Eµa (x)Aµ(x), E55˙ = φ−1(x) (33)
The vierbeins eaµ1(x), e
a
µ2(x) result in two gravitational
fields on two layers. The vector fields aµ1(x), aµ2(x) and
the Brans-Dicke scalar φ(x) are the Kaluza-Klein part-
ners of the vierbeins.
In this paper we specialize to the particular case of
non-orthonormal metric, where
Eaµ1(x) = δ
a
µ12, Aµ(x) = 0, E
d
d˙
= φ(x) = 1/λ2 (34)
So the non-orthonormal Dirac matrices in any dimen-
sional bilayer system are determined as follows
Γµ = ΓaEµa = Γ
aδµa =
[
γµ 0
0 −γµ
]
, Eµa = δ
µ
a
Γd = Γd˙Ed
d˙
=
[
0 1/λ2
1/λ2 0
]
, Ed
d˙
= 1/λ2. (35)
2. Generalized Dirac operator for bilayer systems
With the above described non-orthonormal metric the
generalized Dirac matrix for the normal 3+1-dimensional
and 2+1-dimensional bilayer systems is
/D =
[
/∂ −m/λ2
m/λ2 /∂
]
(36)
The free fermion Lagrangian in Eq.(6) becomes
Lf = Tr(Ψ¯(x)(i /D +M0)Ψ(x))
=
∑
i
ψ¯i(x)i/∂ψi(x) +
∑
i,j
ψ¯i(x)M
ijψj(x), (37)
where the mass matrices M0 and M are
M0 =
[
m1 0
0 m2
]
, M =
[
m1 −im/λ2
im/λ2 m2,
]
(38)
where mi are the original mass of fermions on two layers
without the discrete extra dimension.
3. Volume integration element with non-orthonormal
metric
The extended Dirac matrices given in Eq.(35) lead to
the non-orthonormal metric
{ΓM ,ΓN} = 2 GMN = 2ηMN = 2 diag(−1, 1, ..1, λ−4),
(39)
where λ is a real parameter. In the case λ2 = 1 we have
the d+ 1-dimensional orthonormal Minskowski metric.
This specific metric modifies the volume integration
element in the action function as follows
M2Pl(d+ 1)
∫
dxd+1
√
G = M2Pl(d+ 1)λ
2
∫
dxd
√
−detg
= M2Pl(d)
∫
dxd
√
−detg, (40)
where g is the d-dimensional metric and G is the gener-
alized one for the bilayer systems.
If λ2  1, the Plank mass in the higher dimensional
theory is much smaller than the lower dimensional one
because
MPl(d) = MPl(d+ 1)λ. (41)
6Thus the discrete extra dimension can provide the natu-
ral explanation for the large value of the Plank mass.
With this metric, due to the volume integration el-
ement all the dimensionally reduced Lagrangian terms
must be multiplied by a factor λ2. For the Lagrangian
terms, which are quadratic in terms of spinor fields, it is
possible to absorb this factor by the field redefinition
Ψ′(x) = Ψ(x)/λ. (42)
From now on in this article we will omit the prime on
the redefined spinors, hopefully without any confusion.
III. ELECTROMAGNETIC INTERACTION OF
FERMIONS IN BILAYER SYSTEMS
In this section we will construct the generalized vector
field by utilizing the differential form formulation. The
interested readers can refer to Appendix C for the most
important steps of this formulation in the ordinary space-
time.
A. Generalized vector fields
The generalized Dirac operator given in the previous
section can be used as the exterior derivative to define
the generalized vector and higher differential forms. So,
the exterior derivative of a function DF (x) is given as
follows
[D,F (x)] =
[
/∂f1(x) 2mf−(x)/λ2
2mf−(x)/λ2 /∂f2(x)
]
= ΓM (DF )M (43)
So,
(DF )µ =
[
∂µf1(x) 0
0 −∂µf2(x)
]
, (DF )d = 2mf−(x)12
(44)
The derivative along the discrete dimension resembles
the usual finite difference ratio ∆f/∆h on a discretized
grid in numerical computations, where ∆h = 1/m is the
grid distance.
The following conjugation on the generalized function
F (x) is useful in the further calculations
F˜ (x) =
[
f2(x) 0
0 f1(x)
]
, ˜˜F (x) = F (x). (45)
The action of the Dirac operator on the 0-form in
Eq.(43) defines a derivative because it satisfies the
Newton-Leibnitz rules
D(FG) = DF.G+ F.DG,
D(FΨ) = DF.Ψ + F.DΨ, (46)
where F,G are 0-form operators and Ψ is a generalized
spinor.
Our framework can be considered as a discretized ver-
sion of the usual 5D theory, where the continuous circle
is approximated by two points.
It is convenient to represent the generalized vector in
the bilayer systems with the following hermitian 2 × 2
matrix 1-form
/B = ΓµBµ(x) + Γ
d+1ϕ(x)
=
[
γµb1µ(x) ϕ(x)/λ
2
ϕ(x)/λ2 γµb2µ(x)
]
. (47)
Since there is no reason to assume that the vector fields
on two layers are identical, we can represent
Bµ(x) =
[
gAµ(x) 0
0 gAµ(x) + g
′Xµ(x)
]
, (48)
where Aµ(x) is the usual electromagnetic field on the
first layer, Xµ(x) is just the difference between the elec-
tromagnetic fields on the two layers. g and g′ are respec-
tively the coupling constants for the photon field Aµ(x)
and its vector Kaluza-Klein partner Xµ(x). ϕ(x) is a
scalar field, representing the component of the vector
field in the discrete direction.
B. The generalized differential 2-forms and the
field strength
Let us introduce the following grading: the usual
space-time dimensions are even, the discrete ones are
odd. The graded wedge product is defined as follows
ΓM ∧ ΓN = −(−1)deg(ΓM ).deg(ΓN )ΓN ∧ ΓM , (49)
where deg(ΓM ) is the grade of the M -th dimension. That
is to say, if both ΓM and ΓN are odd, the wedge product
is symmetric. Explicitly, it is defined as follows
Γµ∧Γν = 1
2
[Γν ,Γµ], Γd∧Γd 6= 0
Γµ ∧ Γd = −Γd∧Γµ = ΓµΓd. (50)
In [2, 13, 22] the graded wedge product is used to generate
a quartic Higgs potential for the generalized gauge field.
With this wedge product, we have the de Rham condition
/D
2
F (x) = 0 as in the usual differential form formalism.
Let us calculate the derivative of the generalized vector
1-form /B
/D /B = [ /D, /B] = ΓM ∧ ΓN ( /D /B)MN , (51)
and obtain
( /D /B)µν =
1
2
(∂µBν(x)− ∂νBµ(x)) (52a)
( /D /B)µν =
1
2
(∂Bd+1(x) +m(Bµ(x)− B˜µ(x)) (52b)
( /D /B)d+1 d+1 = 2mϕ(x)1d ⊗ σ3 (52c)
7We can also calculate the wedge product
/B ∧ /B = ΓM ∧ ΓN ( /B ∧ /B)MN (x), (53)
and obtain its components
( /B ∧ /B)µν = 1
2
[Bµ(x), Bν(x)] (54a)
( /B ∧ /B)µ d+1 = 1
2
(2(B˜µ(x)−Bµ(x))Bd+1) (54b)
( /B ∧ /B)d+1 d+1 = ϕ2(x)14 ⊗ 12 (54c)
The generalized field strength is defined as
B = /D /B + /B ∧B = ΓM ∧ ΓNBMN (55)
Its components are
Bµν = 1
2
(∂µBν(x)− ∂νBµ(x) + [Bµ(x), Bν(x)]) (56a)
Bµ5 = 1
2
(∂µ + g
′Xµ(x)σ3)(ϕ(x) +m) (56b)
B55 = 2mϕ(x)1d ⊗ σ3 + ϕ2(x)14 ⊗ 12. (56c)
C. Abelian Higgs mechanism
The full Lagrangian of the generalized vector field is
given as follows
Lg = − 1
2g2λ2
Tr(
1
4
BµνBµν + 1
2
GµνB∗νdBµdλ−4
+B∗ddBddλ−8), (57)
where the λ2 parameter has been introduced to cancel
the factor from the volume element.
The field strength of the vector fields and the physical
scalar field H(x) are defined as follows
Fµν = ∂µAν(x)− ∂νAµ(x), Xµν = ∂µXν(x)− ∂νXµ(x)
ϕ(x) =
√
2gλ2H(x)−m. (58)
So, we will call the quanta of the physical fields Xµ(x)
and H(x) respectively as X- and H-photons, since they
are the photon’s Kaluza-Klein partners.
The Lagrangian for the gauge sector together with the
factor λ2 in the volume integration element now is
Lg = − 1
8g2
Tr(BµνBµν + 2Bµ5Bν5λ
−4 +B255λ
−8),
= (−1
4
FµνFµν − g
′2
8g2
XµνXµν +
1
2
∂µH(x)∂µH(x)
+g′2λ4X2µ(x)H
2(x)− 2g2(H2(x)− m
2
2g2λ4
)2). (59)
In order to have the correct kinetic term for the X-photon
the coupling constant g′ must be expressed in term of the
electromagnetic one as follows
g′ =
√
2g. (60)
In models involving more fermions with different electric
charges, Eq.(60) might be modified by different factors.
However, in the general bilayer systems, there is only one
independent coupling constant g, because g′ can always
be expressed in term of g.
Due to the quartic potential in Eq.(59), the H-photon
field H(x) has a vacuum expectation value (VEV) v =
m/
√
2gλ2, giving the X-photon a mass mg′/
√
2g. The
H-photon has a mass
√
2m/λ2. This is an Abelian Higgs
mechanism where the X-photon receives a mass from H-
photon’s VEV. The renormalizability is kept intact. The
normal photon field Aµ(x) remains massless.
D. The generalized photon- fermion coupling
Lagrangian
Traditionally the vector-fermion coupling is introduced
by the term ψ¯(x) /Aψ(x), where Aµ(x) and ψ(x) are re-
spectively the vector and fermion fields. In parallel with
it, we introduce the extended photon-fermion coupling
Lagrangian as follows
Lf−g = TrΨ¯(x) /B(x)Ψ(x)
= LA + LX + LH + Lm, (61a)
LA = g(ψ¯1(x) /Aψ1(x) + ψ¯2(x) /A)ψ2(x), (61b)
LX = g′ψ¯2(x) /Xψ2(x), (61c)
LH =
√
2gH(x)(ψ¯1(x)ψ2(x) + ψ¯2(x)ψ1(x)), (61d)
Lm = −m
λ2
(ψ¯1(x)ψ2(x) + ψ¯2(x)ψ1(x)), (61e)
where LA and LX are respectively the Lagrangian for
fermions coupled to the normal and X-photon fields. LH
is the coupling of fermions to the H-photon field. The La-
grangian Lm contribute to the mass matrix of the fermion
fields as follows
Lf + Lm =
∑
i
ψ¯i(x)i/∂ψi(x) +
∑
i,j
ψ¯i(x)Mijψj(x)
(62)
The modified mass matrix M of fermions coupled to
the vector field in bilayer systems is
M =
[
m1 −m(1 + i)/λ2
−m(1− i)/λ2 m2
]
. (63)
Since this mass matrix is not diagonal, ψ1(x) and ψ2(x)
in Eq.(3) are not mass eigenstates.
E. Mass eigenstates of fermion in bilayer systems
Since the mass matrix in Eq.(63) is hermitian, it should
have two real eigenvalues. The mass eigenstates are ob-
tained by a U(2) transformation, which diagonalizes the
mass matrix in Eq.(63).
8Let us use the following general parametrization of the
2× 2 unitary transformation
U =
[
cos θ −eiα sin θ
e−iα sin θ cos θ
]
. (64)
The unitary transformation U will mix the components
ψi(x) of the generalized spinor Ψ(x) in Eq.(3) as follows
Ψ(x)→ UΨ(x), Ψ¯(x)→ Ψ¯(x)U†. (65)
The kinetic term of the free fermion’s Lagrangian in
Eq.(37) is invariant with the transformation U . The mass
term is transformed to the following diagonalized matrix
M′ = UMU† =
[
M1 0
0 M2
]
, (66)
where Mi, i = 1, 2 are two real mass eigenvalues.
Inversely, the original mass matrix can be rewritten,
when α = pi/4 as follows
M = U†M ′U =
[
M1 + (M2 −M1) sin2 θ − 12√2 (M2 −M1) sin 2θ(1 + i)
− 1
2
√
2
(M2 −M1) sin 2θ(1− i) M1 + (M2 −M1) cos2 θ
]
. (67)
Comparing Eqs.(67) and (63), we obtain the follow-
ing mass splitting formula for the fermion Kaluza-Klein
pair’s mass eigenstates
δM = M2 −M1 = 2
√
2m
sin 2θλ2
. (68)
So in the case α = pi/4 we can represent of the original
mass matrix with new parameters as follows
M =
[
M1 +
√
2m tan θ
λ2 −m(1 + i)
−m(1− i) M1 +
√
2m cot θ
λ2
]
. (69)
The mass parameters mi in Eq.(38) are represented as
follows
m1 = M1 +
√
2m tan θ
λ2
, m2 = M1 +
√
2m cot θ
λ2
. (70)
In the special case, where m1 = m2 = µ and θ = pi/4,
we have
M1 = µ−
√
2m
λ2
, M2 = µ+
√
2m
λ2
. (71)
That is to say, due to the interlayer interactions, there
are two mass eigenstates of electrons with the mass split-
ting 2
√
2m/λ2 = 2mH .
Now we can use the unitary transformation in Eq.(64)
with α = pi/4 to express the coupling Lagrangian in terms
of the fermion’s mass eigenstates.
ΨU (x) = UΨ(x) =
[
ψ(x)
ψX(x)
]
, (72)
where ψ(x) and ψX(x) are the mass eigenstates of the
fermion’s Kaluza-Klein partners,
The Lagrangians in Eqs.(61b), (61c) and (61d) are ex-
pressed in terms of the fermion’s mass eigenstates as fol-
lows
LA = g(ψ¯ /Aψ + ψ¯X /AψX), (73a)
LX = g′(sin2 θψ¯ /Xψ + cos2 θψ¯X /XψX
+
1
2
sin 2θψ¯X /Xψ +
1
2
sin 2θψ¯ /XψX), (73b)
LH = g sin 2θH(x)(−ψ¯(x)ψ(x) + ψ¯X(x)ψX(x)),
+ g cos2 θH(x)(ψ¯(x)ψX(x) + ψ¯X(x)ψ(x))). (73c)
The Lagrangian LA in Eq.(73a) represents the usual
electromagnetic interaction of the fermions ψ(x) and
ψX(x) with the same coupling constant, meaning that
the fermion Kaluza-Klein partners have the same electric
charge. The Lagrangian LX represents the interaction of
X-photon with fermions. The X-coupling of ψ with X is
g′ sin2 θ, while the one of ψX is g′ cos2 θ. Depending on
the mixing angle, the X-coupling of ψ is small when the
one of ψX is large and vice versa. There are portals be-
tween the fermion Kaluza-Klein partners ψ and ψX via
the decays involving the X- and H-photons.
IV. NEW FORCES, PARTICLES AND
COMPTON SCATTERINGS
In this sector, as an example, we briefly demonstrate
that in a 3+1-d bilayer model the Kaluza-Klein partners
of photon, nucleon, electron and neutrino can lead to new
forces, particles and Compton scatterings can provide ex-
planations for the anomalies related to the ATOMKI’s
internal pair creation [25–27], neutron lifetime [28] and
XENON1T’s electron recoil excess [29].
Provided that a discrete extra dimension of the size
d = 1/m ∼ 11.8 fm exists, the above geometric frame-
work involves all the Kaluza-Klein partners of photon and
9fermions. So, we can construct a particle model based on
Eqs.(73a),(73b) and (73c) when the fermions are nucleon,
electron and neutrino, which are relevant in the nuclear
physics. In this model, we introduce the electric and
dark charge operators Q, QX in the expression of Bµ(x)
in Eq.(48) as follows
Bµ(x) =
[
gAµ(x)Q 0
0 gAµ(x)Q+ g
′Xµ(x)QX
]
, (74)
Motivated by Davidson [30], Mohapatra and Marshak
[31] we choose QX as the B−L number operator. Com-
pared to the simple photon-electron model, there are few
modifications in our particle model
g′ = g, mX = m/
√
2, mH = 2mX/λ
2 (75)
In this model, the X-photon is identified with the hy-
pothetical X17 vector boson observed in the ATOMKI’s
experiment [25–27, 32, 33]. So mX = 17MeV,m =
12 MeV .
The mass splitting formula (68) now becomes
δmi =
4mX
sin 2θiλ2
, i = p, n, e, ν. (76)
Let us denote p(x), n(x), e(x), ν(x) as the pro-
ton, neutron, electron and neutrino fields and
pX(x), nX(x), eX(x), νX(x) as ones of their Kaluza-Klein
partners.
The electromagnetic interactions of the charged parti-
cles are collected from Eq.(73a) as follows
LA = g(p¯(x) /Ap(x) + p¯X(x) /ApX(x)− e¯(x) /Ae(x)− e¯X(x) /AeX(x)). (77)
The fermions’ couplings to the X-photon are given as follows
LpX = g(sin2 θpp¯(x) /Xp(x) + cos2 θpp¯X(x) /XpX(x) + 1
2
sin 2θpp¯X(x) /Xp(x) +
1
2
sin 2θpp¯(x) /XpX(x), (78a)
LnX =g(sin2 θnn¯(x) /Xn(x) + cos2 θnn¯X(x) /XnX(x) + 1
2
sin 2θnn¯X(x) /Xn(x) +
1
2
sin 2θnn¯(x) /XnX(x)), (78b)
LeX = g(sin2 θee¯(x) /Xe(x) + cos2 θee¯X(x) /XeX(x) + 1
2
sin 2θee¯X(x) /Xe(x) +
1
2
sin 2θee¯(x) /XeX(x)), (78c)
LνX = g(sin2 θν ν¯(x) /Xν(x) + cos2 θν ν¯X(x) /XνX(x) + 1
2
sin 2θν ν¯X(x) /Xν(x) +
1
2
sin 2θν ν¯(x) /XνX(x)), (78d)
The fermions’ couplings to the H-photon are given as follows
LpH = g sin 2θpH(x)(−p¯(x)p(x) + p¯X(x)pX(x)) + g cos2 θnH(x)(p¯(x)pX(x) + p¯X(x)p(x))), (79a)
LnH =g sin 2θnH(x)(−n¯(x)n(x) + n¯X(x)nX(x)) + g cos2 θnH(x)(n¯(x)nX(x) + n¯X(x)n(x))), (79b)
LeH = g sin 2θeH(x)(−e¯(x)e(x) + e¯X(x)eX(x)) + g cos2 θeH(x)(e¯(x)eX(x) + e¯X(x)e(x))), (79c)
LνH = g sin 2θνH(x)(−ν¯(x)ν(x) + ν¯X(x)νX(x)) + g cos2 θνH(x)(ν¯(x)νX(x) + ν¯X(x)ν(x))). (79d)
So, we have a complete particle model for the Kaluza-
Klein partners of the nucleon, electron, neutrino and pho-
ton.
Now we can demonstrate that our model can provide
explanations for the neutron life time and anomalous in-
ternal pair creation observed at ATOMKI.
Firstly, our model allows the additional decay chan-
nels of neutron n into its Kaluza-Klein partner beyond
the usual beta one. Since the experiment shows that elec-
trons cannot be produced in the neutron decay [34], we
assume reasonably that mn−mnX < 1.102 MeV to sup-
press the electron production channel n→ nX + e+ + e−
energetically.
This condition leads to a non-trivial metric parame-
ter λ2. In fact, applying the mass splitting formula in
Eq.(76) for the neutron, we have the condition
1.102 MeV > mnX −mn =
4mX
| sin 2θn|λ2 >
68 MeV
λ2
,
(80)
which implies
λ2 > 61.71. (81)
Since the dark proton and electron have not been ob-
served experimentally, we choose to suppress the dark
proton and electron pair production by the energetic pho-
ton via the interactions in Eq.(77) by assuming that the
masses mpX and meX are at least in TeV range. That is
to say
68 MeV
61.71 sin 2θp,e
> δmp,e =
68 MeV
sin θp,eλ
> 1 TeV, (82)
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which means that
sin 2θp,e < 1.102× 10−6. (83)
The relation (83) is consistent with the assumption
proposed by Feng et al [32, 33] that the X-photon is pro-
tophobic
θp < 0.551× 10−6, sin2 θp < 0.3036× 10−12 ∼ 0. (84)
On the other hand, we cannot assume that the X-
photon ”electrophobic” to satisfy the condition (83),
since that would not allow the electron-positron pair cre-
ation in the ATOMKI’s experiment. So we must choose
the remaining option
sin 2θe = pi − 2,  < 0.551× 10−6,
1 > sin2 θe > 1− 0.3036× 10−12 ∼ 1. (85)
With the above assumptions, our model implies the
following possible decay channels of the neutron into its
Kaluza-Klein partner nX :
1) The first order two-body decay n → nX + H is de-
picted in Figure 1.
n(P )
nX(p1)
H (p2)
g cos2 θn
FIG. 1: Decay of neutron to the dark one and the H photon
2) The second order three-body decay of neutron via a
virtual intermediate X17 into the ”dark” one nX and
a neutrino pair. n→ nX +ν(X) + ν¯(X). The Feynman
diagrams for these decays are depicted in Figure 2.
There are four possible channels with the coupling g1
given as follows:
i. n→ nX + ν¯ + ν¯, g1 = g sin2 θν
ii. n→ nX + ν¯ + ν¯X , g1 = 12g sin 2θν
iii. n→ nX + ν¯X + ν¯, g1 = 12g sin 2θν
iv. n→ nX + ν¯X + ν¯X , g1 = g cos2 θν
Our particle model also allows the decays of X-photon
into the lepton pairs as depicted in Figure 3.
Since the ”dark” electron mass meX is at least in the
TeV range, we have the following five possible channels
a) X → e+ + e−, g1 = g sin2 θe
b) X → ν + ν¯, g1 = g sin2 θν
n(p1)
nX(p3)
ν¯(X) (p2)
ν(X) (p4)
X17g cos2 θn
g1
FIG. 2: Decays of neutron to the dark one and a pair of
leptons
X17(P )
f(p1)
f¯ ′ (p2)
g1
FIG. 3: Decays of X17 into a lepton pair
c) X → νX + ν¯, g1 = 12g sin 2θν
d) X → ν + ν¯X , g1 = 12g sin 2θν
e) X → νX + ν¯X , g1 = 12g sin 2θν
With the suitable choices of the parameters θn, θν and
λ2, we can give the reasonable neutron life time and the
internal pair creation distribution. Our model can also
provide an explanation to the electron recoil excess at
XENON1T [29]. There are additional Compton type ef-
fects with X- and H-photons as depicted in Figures 4 and
5.
e−(p1) e−(p3)
X (p2) X (p4)
e−
g sin2 θe g sin
2 θ2
FIG. 4: Compton effect with X-photon
The constraint in Eq.(85) implies that the Compton
effect with the H-photon is extremely small compared to
the one with the X-photon.
Assuming that mνX > mν our particle model implies
the inelastic electron scatterings with neutrino and neu-
tron depicted respectively in Figures 6 and 7.
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e−(p1) e−(p3)
H (p2) H (p4)
e−
g sin 2θe g sin 2θe
FIG. 5: Compton effect with H-photon
e−(p1) e−(p3)
νX (p2) ν (p4)
X17
g sin2 θe
1
2g sin 2θν
FIG. 6: Inelastic electron-neutrino scattering with intermedi-
ate X17
We can reasonably assume that |δmn|  |δmν— to
imply
sin2 2θν  sin2 2θn. (86)
Thus the contribution of neutron’s inelastic to the elec-
tron recoil is negligible beside the dark neutrino’s.
As shown by Harigaya et al [35], in the inelastic scatter-
ings the mass splitting between the incident neutrino and
its Kaluza-Klein can be transferred into the electron re-
coil energy. So the inelastic electron-dark neutrino scat-
tering e− + νX → e− + ν with the intermediate X17 can
be the reason of the XENON1T’s electron recoil excess.
The more detailed quantitative analysis is beyond the
scope of this paper and will be given elsewhere.
V. CONCLUSIONS
In this paper, we have investigated a geometric formu-
lation of the electromagnetic interaction of fermions in
bilayer systems. These systems are considered as being
in the space-time extended by a discrete extra dimension
having two points. In this description, the interaction
between the Kaluza-Klein partners of fermions and pho-
ton can be constructed in a unique way by extending
the Dirac operator with a mass parameter m propor-
tional to the inverse distance between the two layers. We
have shown that an abelian Higgs mechanism triggered
by a naturally emerging quartic potential by the scalar
Kaluza-Klein partner of photon (H-photon) provides a
mass mX = mg/
√
2g′ to the vector Kaluza-Klein part-
ner of photon (X-photon), where g is the electromagnetic
e−(p1) e−(p3)
n (p2) nX (p4)
X17
g sin2 θe
1
2g sin 2θn
FIG. 7: Inelastic electron-neutron scattering with intermedi-
ate X17
coupling constant and g’ is the one of the X-photon. The
mass of H-photon is 2mX/λ
2.
We have also shown that the extended Dirac operator
with the discrete dimension leads to a non-diagonal mass
matrix. The mass eigenstates of the fermion Kaluza-
Klein pair satisfy the splitting formula given in Eq.(68),
depending on a mixing angle and the metric parameter
λ2. The interactions of the fermion with the Kaluza-
Klein partners of photon are given in terms of the mixing
angle.
As an example, we have constructed a particle model
of photon interacting with the nucleon, electron and neu-
trino in a 3+1-d bilayer system, which can explain quali-
tatively the neutron life time and the ATOMKI’s anoma-
lous internal pair creation. The Kaluza-Klein partners of
photon and fermions represent new forces and particles.
It is interesting that the large masses of the charged par-
ticles in our model lead to an extremely small (protopho-
bic) coupling of proton and a relatively large coupling g
of the electron to the X-photon leading to the internal
pair creation observed in the ATOMKI’s experiment. In
this particle model the Compton effects with X- and H-
photons are possible. However, the ATOMKI’s result
and the large mass of the electron Kaluza-Klein partner
imply that the Compton effect related to the H-photon is
negligible beside the X-ones’. So the XENON1T’s elec-
tron recoil excess is consistent with the existence of X17.
Since the framework presented in this paper is generic
for any dimension, it can be applied also to 2+1-
dimensional bilayer systems. Hopefully, similar effects
will lead to new observations in condensed matter physics
too. The description of 2+1-d bilayer systems with a
discrete dimension has a advantage to include the posi-
tive energy spin up and down fermion states in the same
bispinor, allowing a symmetry between these states.
The motivation of considering the two above systems
together is that we want to find evidences for the univer-
sality of the discrete dimension as a new mathematical
concept, which reflects the reality in many physical disci-
plines. We also hope that the interlude between particle
and condensed matter physics can generate new ideas
as it often does. Especially, the real condensed matter
bilayer systems can be a good laboratory to test the ab-
stract ideas in particle physics.
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Appendix A: The standard representation of Dirac
matrices
Our construction of the Dirac matrices is slightly dif-
ferent than the formalism of the Clifford algebra of the
spinor given in Ref.[36]. We need the standard repre-
sentation, where both the Dirac matrix γ0 and the spin
matrix S3 =
1
2σ
12 are diagonal.
The spinor ψ(x) in an ordinary d-dimensional space-
time is represented by a 2[d/2]- column wave functions.
The Dirac matrices are 2[d/2] × 2[d/2] ones satisfying the
anti-commutator relation
{γµ, γν} = 2gµν = 2 diag(−1, 1, ..., 1), µ, ν = 0, 1, 2, d−1.
(A1)
One can successively build the Dirac matrices in odd
and even dimensional space-time. The Greek and capital
Roman letters µ, ν = 0, 1, ..., d − 1, M,N = µ, d are
used respectively for the ordinary and extended space-
time indexes.
In the ordinary 2+1 space-time the spinors have two
components, the Dirac matrices γˆµ, µ = 0, 1, 2 are
γˆ0 = iσ3, γˆ
1 = σ1, γˆ
2 = σ2 (A2)
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Generators of the SO(2, 1) group include the space ro-
tational one
σˆ12 =
1
2
[γ1, γ2] = σ3, (A3)
and the boost ones
σˆ01 =
1
2
[γ0, γ1] = iσ2, σˆ
20 =
1
2
[γ0, γ2] = iσ1 (A4)
The spin operator S3 =
1
2σ
12 = 12σ3 is diagonal.
Therefore, this representation is spanned by one spin up
and one spin down states.
The Dirac equation for free fermion in the reference
frame where the particle is at rest (p1 = p2 = 0) becomes
iγˆ0
∂
∂t
ψ(x) = mψ(x), (A5)
which means that the spinor components ψα(x), α = 1, 2
represent the positive and negative mass states. Thus,
the spin up and down ones of 2 + 1-dimensional electron
are not in the same spinor. In the 2 + 1-dimensional
model, one must postulate the spin SU(2) as an internal
symmetry, not as the space-time one to include both spin
states of the electron.
In the ordinary 3+1 space-time the Dirac spinors dou-
ble in size becoming 4-component bispinors, the stan-
dard representation of the Dirac matrices γµ, µ = 0, 1, 2
is given as follows
γ0 = i12 ⊗ σ3, γi = σi ⊗ σ1, i = 1, 2, 3 (A6)
The generators of the group SO(3, 1) σµν = 12 [γ
µ, γν ]
include the space rotation ones
σ12 = σ3 ⊗ 12, σ23 = σ1 ⊗ 12, σ31 = σ2 ⊗ 12 (A7)
and the boost ones
σ01 = iσ1 ⊗ σ2, σ02 = iσ2 ⊗ σ2, σ31 = σ3 ⊗ σ2 (A8)
The spin operator S3 is also diagonal
S3 =
1
2
σ12 =
1
2
σ3 ⊗ 12 (A9)
In the reference frame, where the particle is at rest
p1 = p2 = p3, the free Dirac equation iγ
0∂tψ(x) = mψ(x)
implies that the bispinors can be represented as
ψ(x) =

χ+↑ (x)
χ+↓ (x)
χ−↑ (x)
χ−↓ (x)
 , (A10)
where the ± indexes denote the positive and negative
energy states, while the arrow ones denote the spin up
and down states.
The space rotation matrices mix the spin states, while
the boost ones also mix the positive and negative energy
states. For the finite momentum, one must use the Foldy-
Wouthuysen transformation to separate the particle and
anti-particle in the non-relativistic limit [37].
In the 3+1-dimensional space-time, one can define the
chiral Dirac matrix
γ5 = −iγ0γ1γ2γ3 = 12 ⊗ σ2, (A11)
which satisfies the relation
(γ5)2 = 1, {γµ, γ5} = 0. (A12)
The chiral Dirac matrix γchir is defined in any even
d = 2k-dimensional space-time as follows
γchir = −iγ0γ1...γ2k−1, if k is even
γchir = γ0γ1...γ2k−1, if k is odd (A13)
which satisfies
(γchir)2 = 1, {γchir, γµ} = 0, µ = 0, 1, ..., 2k−1. (A14)
Since the 2k+1-dimensional spinors have the same size
as the 2k-dimensional ones do, we can use the same Dirac
matrices γµ, µ = 0, 1, ..., 2k − 1 and add the following
γ2k = γchir. (A15)
The 2k + 2-dimensional Dirac matrices γµ, µ =
0, 1, ..., 2k, 2k + 1 can be constructed from the 2k-ones
γˆµ consistently with the 2k + 1 case as follows
γµ = γˆµ ⊗ σ3, µ = 0, 1, ..., 2k − 1,
γ2k = γˆchir ⊗ σ3, γ2k+1 = 12k ⊗ σ1. (A16)
Appendix B: Generalized Dirac matrices in
d-dimenional space-time
By adding a discrete extra dimension, we can define
the generalized Dirac matrices ΓM ,M = µ, d from the
d-dimensional Dirac matrices γµ, µ = 0, ..., d − 1. In the
even d = 2k-dimensional bilayer systems, since the spinor
is unchanged, we have a pair of spinors defined on the two
layers. Since, the chiral Dirac matrix γchir can be defined
in the d = 2k-dimensional space-time in Eq.(A13) we
have two essentially different options to define the gen-
eralized Dirac matrices. The first one is for the normal
bilayer system
Γµ = γµ⊗σ3, Γ2k = 12k ⊗σ1, µ = 0, 1, ..., 2k− 1. (B1)
The second one is for the chiral bilayer system
Γµ = γµ⊗12, Γ2k = γchir⊗σ2, µ = 0, 1, ..., 2k−1. (B2)
In the odd d = 2k+1-dimensional bilayer systems, the
spinor must double its size when the extra dimension is
added. We have
Γµ = γµ⊗σ3, Γ2k+1 = 12k+1⊗σ1, µ = 0, 1, ..., 2k. (B3)
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In this case the generalized chiral Dirac matrix is define
as follows
Γchir = 12k+1⊗σ2, (Γchir)2 = 1, {Γchir,ΓM} = 0. (B4)
The generalized SO(d, 1) rotation Dirac matrices are
direct generalizations of the ordinary ones as follows
ΣMN =
i
2
[ΓM ,ΓN ] (B5)
Appendix C: Differential form formulation of the
vector field
In the traditional geometry, differential forms play an
important role. First, the exterior derivative d = γµ∂µ
of the function f(x) acting on the spinors as a operator
is defined follows
df(x) = [d, f(x)] = γµ∂µf(x), (C1)
to satisfy the Newton-Leibnitz rule
d(f(x)ψ(x)) = (df(x))ψ(x) + f(x)(dψ(x)). (C2)
The Dirac matrices γµ represent the differential ele-
ment basis in the d-dimensional vector space of 1-forms
a(x) = γµaµ(x). (C3)
In the geometric approach, the scalar and vector fields
are introduced by the differential 0- and 1-form operators
acting on the spinor fields.
Given an arbitrary space-time manifoldM, the differ-
ential 0-form f(x) are real (or complex) function opera-
tor M → R(C) (R(C) acting on the spinor wave func-
tions. The function operators form an algebra over the
real (complex) number field with addition and multipli-
cation operations.
The Dirac operator /∂ is also an operator acting on the
spinor field. The operator /∂f(x) is defined as an operator
acting on the spinors according to the Newton-Leibnitz
rule
(/∂f(x))ψ(x) = [/∂, f(x)]ψ(x) = γµ∂µf(x).ψ(x). (C4)
The Dirac operator satisfies the de Rham condition
/∂
2
= 0. Therefore, it is an exterior derivative. The /∂f(x)
are exact 1-forms, since its exterior derivative vanishes.
The general differential 1-form a(x) is defined as an ex-
tension of the set of the exact differential 1-form /∂f(x)
a(x) = γµaµ(x), (C5)
where /∂a(x) does not necessarily vanish. The set of the
differential 1-forms a(x) is spanned by the basis of dif-
ferential elements dxµ represented by the Dirac matrices
γµ acting as opertors on the spinors. In this differential
form approach the vector field aµ(x) are introduced as
the coefficients of the differential 1-form a(x).
Actually, the field strength 2-form b(x) defined as
b(x) = da+ a ∧ a = dxµ ∧ dxνbµν(x),
bµν(x) =
1
2
(∂µaν(x)− ∂νaµ(x) + [aµ(x), aν(x)]).(C6)
The wedge product of the differential element dxµ sat-
isfies
dxµ ∧ dxν = −dxν ∧ dxµ (C7)
In the Dirac γ-matrix representation we define
γµ ∧ γν = 1
2
[γµ, γν ] (C8)
which is equivalent to the following relations
γµ ∧ γµ = 0
γµ ∧ γν = γµγν = −γνγµ, for µ 6= ν. (C9)
The invariant Lagrangian of the scalar field is
Ls = 1
8
< /∂f(x), /∂f(x) >=
1
2
gµν∂µf(x)∂νf(x), (C10)
where the metric is introduced with the scalar product
of two 1-forms
gµν =
1
4
< γµ, γν >=
1
4
Tr(γµγν) (C11)
The invariant Lagrangian of the vector field is
Lv =< b(x), b(x) >= −1
4
gµρgντ bµν(x)bρτ (x), (C12)
where the scalar product of two 2-forms is defined as
< dxµ ∧ dxρ, dxν ∧ dxµ >= −gµνgρτ (C13)
